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H = −!2∆
2me

− Ze2

4πϵ0x
=

p2

2me
− κ

x
(1)

ʹର͢ΔγϡϨσΟϯΨʔํఔࣜ

{
p2

2me
− κ

x
− E

}
ψ(x) = 0 (2)
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ΛϑʔϦΤม͠׵ɺӡಈྔදࣔͷ೾ಈؔ਺Λ͑ߟΔ͜ͱΛಛ

௃ͱ͢Δɻ

ຊϊʔτͰ͸ϑΥοΫͷղ๏Λ D ுͨ͠໰୊Λղ֦ʹݩ࣍

͘ɻʢD ݺுͨ͠΋ͷ΋͜͜Ͱ͸ϑΥοΫͷղ๏ͱ֦ʹݩ࣍

Ϳɻʣ͜ ͷํ๏͸ Banderͱ ItzyksonͷϨϏϡʔ࿦จͰ঺հ͞

Ε͍ͯΔɻ

˙D ͷ໰୊ͷఆٛݩ࣍

Ұൠͷ D ʢDݩ࣍ ≥ 2ʣͷਫૉ༷ࢠݪʹ͓͚Δిࢠͷϋϛ

ϧτχΞϯͷଋറঢ়ଶΤωϧΪʔεϖΫτϧΛٻΊΔ໰୊Λ

Δɻ͢ͳΘͪɺϋϛϧτχΞϯதͷϥϓϥγΞϯ͑ߟ ∆΍ 1
x

Λ

∆ =
D∑

i=1

∂2

∂x2
i

, x =

√√√√
D∑

i=1

x2
i (3)

ʹಡΈସ͑ͨݻ༗஋໰୊Λ͑ߟΔɻͨͩ͠ 1
x ͱ͍͏ϙςϯ

γϟϧ͸ D = 3Ҏ֎Ͱ͸Ψ΢εͷ๏ଇΛຬͨ͞ͳ͍ͷͰɺి

ՙ૬࡞ޓ༻༝དྷͷϙςϯγϟϧͱ͸͍ݴ೉͍ɻϑʔϦΤม׵

΋ D ɻ͏ߦͰݩ࣍

ผͷϊʔτͰಋग़ͨ͠Α͏ʹɺؔ਺ ψ(x)ͷϑʔϦΤม׵Λ

ψ̃(p) := F [ψ(x)] (p)

:=
1

(2π!)D
2

∫

RD

dx ψ(x) exp

(
− i

!x · p
)

(4)

2



Ͱఆٛͨ͠ͱ͖ʹɺࣜ 2ͷϑʔϦΤม׵͸
{

p2

2me
− E

}
ψ̃(p) =

κ

πSD−2!

∫

RD

dp′ ψ̃(p′)

|p− p′|D−1
(5)

ͱͳΔɻผͷϊʔτͰಋग़͍ͯ͠Δ D ٿதͷ୯Ґ௒ۭؒݩ࣍

SD−1 ͷද໘ੵͷެࣜ

SD−1 =
2πD/2

Γ
(
D
2

)

Λ༻͍͍ͯΔɻ

͜ͷํఔࣜ 5Λग़ൃ఺ͱͯ͠ɺ͑ߟΔɻ

p20 = −2meE < 0 (6)

ͱ͢Δɻʢp0 > 0ͱ͢Δɻʣ

(p2 + p20)ψ̃(p) =
2meκ

πSD−2!

∫

RD

dp′ ψ̃(p′)

|p− p′|D−1
(7)

ͱมܗͰ͖Δɻ

2 SD ্ੵ෼΁ͷม਺ม׵

2.1 ม਺ม׵ͷಋೖ

RD ্ͷϕΫτϧ pΛRD+1 ʹຒΊࠐΉɻ͢ͳΘͪɺ

u =
p20 − p2

p2 + p20
n+

2p0
p2 + p20

p (8)
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ʹΑͬͯɺRD+1 ্ͷϕΫτϧ pΛಋೖ͢Δɻ͜ΕʹΑΓ৽

ͨͳ௚ަجఈϕΫτϧ n ͕ՃΘͬͨ͜ͱʹͳΔɻ౰વ n⊥p

͕੒ཱ͢Δɻ

͜͜Ͱɺ

|u| = 1 (9)

ͱͳ͍ͬͯΔͷͰɺ

u ∈ SD (10)

Ͱ͋Δɻ

͜ͷม׵͸RD ͔Β SD ΁ͷʮ΄΅ʯҰରҰ΁ͷม׵ͱͳͬ

͍ͯΔɻʢ|p| → ∞ͷͱ͖ɺu → −nͱͳΔɻ−n͚ͩಛҟ఺

ͱͳΔɻʣ͢ͳΘͪɺ্هͷஔ׵ʹΑΓ SD ্ͷੵ෼
∫
SD dΩD

ʹ͢Δ͜ͱ͕ग़དྷΔɻʢҎԼɺ|u| = 1 ͷͱ͖͸ SD ্ͷม਺

Ͱ͋Δ͜ͱΛڧௐͯ͠ ΩD ͱॻ͍ͨΓɺ(1,ΩD) ͱॻ͍ͨΓ

͢Δɻʣ

͜ͷͱ͖ɺ

dΩD =

(
2p0

p2 + p20

)D

dp (11)

|p− p′|2 =
(p2 + p20)(p

′2 + p20)

(2p0)2
|u− u′|2 (12)
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͕੒ཱ͢Δɻʢ෇࿥Λࢀরʣͨͩ͠ɺ

u′ =
p20 − p′2

p′2 + p20
n+

2p0
p′2 + p20

p′ (13)

Ͱ͋Δɻ

͜ΕΒΛ༻͍Δͱɺ

(p2 + p20)ψ̃(p)

=
2meκ

πSD−2!

∫

SD

dΩ′
D

(
p20 + p′2

2p0

)D

× 1

|u− u′|D−1

(2p0)D−1

(p20 + p2)
D−1

2 (p20 + p′2)
D−1

2

ψ̃(p′)

ͱ͍͏ࣜʹؼண͢Δɻ

͜͜Ͱɺ

Ψ(ΩD) =

√
SD

p0

(
p20 + p2

2p0

)D+1
2

ψ̃(p) (14)

Λಋೖ͢Δͱɺ

Ψ(ΩD) =
2meκ

2p0πSD−2!

∫

SD

dΩ′
D

Ψ(Ω′
D)

|u− u′|D−1
(15)

ͱͳΔɻ

ࣜ 15ʹ͓͍ͯੵ෼಺෦ʹϥϓϥγΞϯ ∆RD+1 ʹ͍ͭͯͷ

άϦʔϯؔ਺͕දΕ͍ͯΔ͜ͱ͕෼͔Δɻ࣍અͰάϦʔϯؔ

਺Λ༻͍ͨॻ͖௚͠Λ͏ߦɻ

5



2.2 LaplacianͱάϦʔϯؔ਺

ผͷϊʔτͰࣔͨ͠Α͏ʹɺ

∆u,RD+1

1

(D − 1)SD|u− u′|D−1
= −δ(u− u′) (16)

ͱͳΔɻͨͩ͠ ∆u,RD+1 ͸ u ʹΑΔඍ෼ɺRD+1 ্ͷϥϓ

ϥγΞϯͰ͋Δ͜ͱΛҙຯ͍ͯ͠Δɻ͢ͳΘͪɺ

G(u− u′) =
1

(D − 1)SD|u− u′|D−1
(17)

͸ ∆u,RD+1 ʹର͢ΔάϦʔϯؔ਺Ͱ͋Δɻ

͜ΕΛ༻͍ͯɺࣜ 15͸

Ψ(ΩD) =
2meκ(D − 1)SD

2p0πSD−2!

∫

SD

dΩ′
DΨ(Ω′

D)G(u− u′)

(18)

ͱͳΔ͕ɺSD = 2π
D+1

2

Γ(D+1
2 )
ɺSD−2 = 2π

D−1
2

Γ(D−1
2 )

Λ༻͍Ε͹ɺ

SD

SD−2
=

2π

D − 1
(19)

ͱͳΓɺ

Ψ(ΩD) =
2meκ

p0!

∫

SD

dΩ′
DΨ(Ω′

D)G(u− u′)ɹ (20)

6



ͱ͍͏໰୊ʹؼண͢Δɻ

࣮͸ɺ͜ͷղ͕D + ໘ௐ࿨ؔ਺ٿΔ͚͓ʹݩ࣍1 Ynα(ΩD)

Ͱ͋Δ͜ͱͱɺ 2meκ
p0! ɺ͕ٿ໘ௐ࿨ؔ਺ͷࢦ਺ nʹΑͬͯఆ·

Δ͜ͱ͕ࣔͤΔɻ͜ΕΛࣔͨ͢ΊʹҎԼͰ͸ɺ
∫

SD

dΩ′
DY (Ω′

D)G(u− u′) (21)

ͷධՁΛ͏ߦͷ͕ͩɺ͍͔ͭ͘ͷ४උ͕ඞཁͰ͋Δɻ

2.3 LaplacianɺLaplace-Beltramiԋࢠࢉͱٿ໘ௐ࿨

ؔ਺

ผͷϊʔτͰࣔͨ͠Α͏ʹ௒ٿ SD ্ͷ Laplace-Beltrami

ԋࢠࢉ ∆SD ͷݻ༗ঢ়ଶ͸ٿ໘ௐ࿨ؔ਺ Ynα Ͱ͋Γɺ

∆SDYnα(ΩD) = −n(n+D − 1)Ynα(ΩD) (22)

ͱͳΔɻʢn͸ඇෛ੔਺ɺॖॏ౓͸ n+DCn − n+D−2Cn−2ʣ

·ͨɺLaplace-Beltramiԋࢠࢉ∆SD ͱ Laplacian∆u,RD+1

ͷؔ܎͸ɺ

∆u,RD+1 =
1

uD

∂

∂u

(
uD ∂

∂u

)
+

∆SD

u2
(23)

͜ΕΛ༻͍Δͱɺ

∆u,RD+1unYnα(ΩD) = 0 (24)

∆u,RD+1u−n−D+1Ynα(ΩD) = 0 (25)
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͕੒ཱ͢Δ͜ͱ͕෼͔Δɻ͜ͷ͏ͪɺݪ఺෇ۙͰൃ͠ࢄͳ͍

ͷ͸ unYnα ͷํͰ͋ΔɻҎԼɺ

Ỹnα(u) := unYnα(ΩD) (26)

ͱ͢Δɻ

2.4 ཹ਺ࢉܭͷݩ࣍ߴ൛ͷΑ͏ͳςΫχοΫ

u ∈ SD ⊂ RD+1 ͱ͢Δɻʢ͢ͳΘͪ |u| = 1ʣ͜͜Ͱ

Sϵ = S(1)
ϵ

⋃
S(2)
ϵ (27)

S(1)
ϵ =

{
u′ ∈ RD+1| |u′| = 1, |u− u′| ≥ ϵ

}
(28)

S(2)
ϵ =

{
u′ ∈ RD+1| |u′| ≤ 1, |u− u′| = ϵ

}
(29)

ͱ͍͏RD+1 ಺ͷ෦෼ۭؒΛ͑ߟΔɻϵ→ +0ͷͱ͖ɺ

S(1)
ϵ → SD (30)

ͱͳΔ͜ͱΛཹҙ͢Δɻ

͜ͷͱ͖ҎԼͷ͕ࣜɺΨ΢εͷఆཧͱࣜ 16ɺ24Λ༻͍Δͱ
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ಋग़Ͱ͖Δɻ
∫

Sϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)−G(u− u′)∇u′ Ỹnα(u
′)
}

=
∫

Vϵ

dV ′∇u′

{
Ỹnα(u

′)∇u′G(u− u′)−G(u− u′)∇u′ Ỹnα(u
′)
}

=

∫

Vϵ

dV ′
{
Ỹnα(u

′)∆u′G(u− u′)−G(u− u′)∆u′ Ỹnα(u
′)
}

= 0 (31)

ͱͳΔɻͨͩ͠ɺVϵ ͸ Sϵ ʹΑͬͯғ·ΕΔ෦෼ɺ͢ͳΘͪ

Vϵ = V
⋂

V (2)
ϵ (32)

V =
{
u′ ∈ RD+1| |u′| ≤ 1

}
(33)

V (2)
ϵ =

{
u′ ∈ RD+1| |u− u′| < ϵ

}
(34)

Ͱ͋Δɻ

Ҏ্ΑΓɺ
∫

S(1)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)−G(u− u′)∇u′ Ỹnα(u
′)
}

= −
∫

S(2)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)−G(u− u′)∇u′ Ỹnα(u
′)
}

(35)

͕੒ཱ͢Δɻ
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ͱ͘ʹɺ

lim
ϵ→+0

∫

S(1)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}

= − lim
ϵ→+0

∫

S(2)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}
(36)

Ͱ͋Δɻ

˙ࣜ ลࠨ36

·ͣɺ

S
′(2)
ϵ =

{
u′ ∈ RD+1||u− u′| = ϵ

}
(37)

ͱ͢Δɻͭ·ΓɺS
′(2)
ϵ = ∂V (2)

ϵ Ͱ͋Δɻ͢Δͱɺ

− lim
ϵ→+0

∫

S(2)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}

=
1

2
lim

ϵ→+0

∫

S
′(2)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}
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ͱͳΔɻͨͩ͠ೋͭͷ໘ੵ෼ʹ͓͍ͯɺS(2)
ϵ Ͱ͸ |u − u′|͕

ਖ਼ɺS͕޲Δํݮ
′(2)
ϵ Ͱ͸ |u− u′|͕૿͑Δํ͕޲ਖ਼ͱͳΔΑ

͏ʹఆٛͨ͠ɻ͜ͷͨΊූ߸͕ҟͳΔɻ͜͜ͰΨ΢εͷఆཧ

ͱࣜ 16ɺ24Λ༻͍Δ͜ͱʹΑΓɺ

1

2
lim

ϵ→+0

∫

S
′(2)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}

=
1

2
lim

ϵ→+0

∫

V (2)
ϵ

dV ′
{
Ỹnα(u

′)∆u′G(u− u′)

− G(u− u′)∆u′ Ỹnα(u
′)

}

=
1

2
lim

ϵ→+0

∫

V (2)
ϵ

dV ′Ỹnα(u
′)∆u′G(u− u′)

= −1

2
(38)

͕ಋ͔ΕΔɻ
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˙ࣜ 36ӈล

·ͣɺ

lim
ϵ→+0

∫

S(1)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}

=

∫

SD

dΩ′
{
Ỹnα(1,Ω

′
D)

∂

∂u′G((1,ΩD)− (u′,Ω′
D))

∣∣∣∣
u′=1

− G(u− u′)∇u′
∂

∂u′ Ỹnα(u
′,Ω′

D)

∣∣∣∣
u′=1

}

=

∫

SD

dΩ′
{
Ynα(Ω

′
D)

∂

∂u′G((1,ΩD)− (u′,Ω′
D))

∣∣∣∣
u′=1

− G(u− u′)∇u′
∂

∂u′ Ỹnα(u
′,Ω′

D)

∣∣∣∣
u′=1

}

͕ࣔͤΔɻ్தͰ࠲ۃඪදࣔ u = (1,ΩD), u′ = (1,Ω′
D) Λ

ɻͨͬ࢖

͜͜Ͱɺ

∂

∂u′ Ỹnα(u
′,Ω′

D)

∣∣∣∣
u′=1

= nỸnα(1,Ω
′
D) = nY (Ω′

D) (39)
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΍

∂

∂u′G((1,ΩD)− (u′,Ω′
D))

∣∣∣∣
u′=1

=
∂

∂u′
1

SD(D − 1)|u− u′|D−1

∣∣∣∣
u′=1

=
∂

∂u′
1

SD(D − 1)(1 + u′ − 2u′ cos δ)
D−1

2

∣∣∣∣
u′=1

= −D − 1

2

2u′ − 2 cos δ

SD(D − 1)(1 + u′ − 2u′ cos δ)
D+1

2

∣∣∣∣
u′=1

= −D − 1

2

1

SD(D − 1)(2− 2 cos δ)
D−1

2

= −D − 1

2

1

SD(D − 1)|u− u′|D−1

= −D − 1

2
G(u− u′) (40)

͕ࣔͤΔɻͨͩ͠࠷ऴลʹ͓͍ͯ u′ = (1,Ω′
D) Ͱ͋Δɻʢඍ

෼ͷ࠷தʹग़͖ͯͨ u′ ͸ϊϧϜ 1ͱ͸ݶΒͳ͍ͷͰ஫ҙʣ్

தͰ u · u′ = u′ cos δ Λಋೖͨ͠ɻ
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Ҏ্ΑΓɺ

lim
ϵ→+0

∫

S(1)
ϵ

dS′ ·
{
Ỹnα(u

′)∇u′G(u− u′)

− G(u− u′)∇u′ Ỹnα(u
′)

}

= −
(
n+

D − 1

2

)∫

SD

dΩ′
D Ynα(Ω

′
D)G(u− u′) (41)

ͱͳΔɻ

˙ࣜ 36·ͱΊ

Ҏ্ΑΓɺ

Ynα(ΩD) = (2n+D − 1)

∫

SD

dΩ′
D Ynα(Ω

′
D)G(u− u′)(42)

͕੒ཱ͢Δɻ

˙ΤωϧΪʔεϖΫτϧ ࣜ 20ͱࣜ 42Λݟൺ΂Δɻ

2meκ

p0!
= 2n+D − 1 (43)

ͱ p0 =
√
−2meE ΑΓɺ

E = −1

2

1
(
2n+D−1

2

)2
me

!2 κ
2 (44)

ॖॏ౓͸

n+DCn − n+D−2Cn−2 (45)
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ʢn͸ඇෛ੔਺ʣ

˙D = 3ͷͱ͖ͷΤωϧΪʔεϖΫτϧ

ΤωϧΪʔ͸ n ≥ 1ͱͯ͠ʢલͷஈམͷ nͱ͸ҰͭͣΕͯ

͍ΔͷͰ஫ҙʣ

En = −1

2

1

(n)2
me

!2 κ
2 (46)

ॖॏ౓͸

(n−1)+3Cn−1 − (n−1)+3−2C(n−1)−2 = n2 (47)

͕ಘΒΕΔɻ
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3 ෇࿥

3.1 ࣜ 11ಋग़

p ʹରͯ͠ɺ࠲ۃඪදࣔ (p,ΩD−1) Λಋೖ͠ɺʢp = |p|ʣ
u ʹରͯ͠΋ n ඪදࣔ࠲ۃʹϕΫτϧͱͳΔΑ͏޲ํۃ͕

(u,ΩD−1,α)Λಋೖ͢Δɻ(ΩD−1,α) = ΩDɺ0 ≤ α < π

dp = pD−1dpdΩD−1 (48)

dΩD = (sinα)D−1dαdΩD−1 (49)

Αͬͯɺ

dp =
( p

sinα

)D−1 dp

dα
dΩD (50)

Ұํɺ্هͷ࠲ۃඪදࣔ͸

cosα = un =
p20 − p2

p2 + p20
(51)

Λҙຯ͢Δɻ͕ͨͬͯ͠ɺ

(sinα)2 =
(2p0)2p2

(p20 + p2)2
(52)

ͱͳΔɻ྆ล αͰඍ෼͢Δͱɺ

2 cosα sinα =
dp

dα

2(2p0)2p(p20 − p2)

(p20 + p2)3
(53)

16



sinα =
(2p0)p

p20 + p2
(54)

Λ༻͍Δͱɺ

dp

dα
=

p20 + p2

2p0
(55)

ͳͷͰɺ

dp =
( p

sinα

)D−1 dp

dα
dΩD (56)

=

(
p20 + p2

2p0

)D

dΩD (57)
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3.2 ࣜ 12ಋग़

ͦͷ·· uɺu′ Λ p,p′ Ͱදͨ͠දࣜΛ୅ೖ͢Δ͜ͱʹΑ

Γɺʢ͔ͳΓ్தࣜΛলུ͢Δ͕ʣ

|u− u′|2

=
4p20

(p20 + p2)2(p20 + p′2)2

×
{
p20(p

′2 − p2)2 +
∑

i

[
p20(pi − p′i) + (pip

′2 − p′ip
2)
]2
}

=
4p20

(p20 + p2)2(p20 + p′2)2
{
p40 + p20(p

2 + p′2) + p2p′2
}
|p− p′|2

=
4p20

(p20 + p2)(p20 + p′2)
|p− p′|2 (58)

ͱͳΔɻʢp = |p|, p′ = |p′|ͱ͍ͯ͠Δɻʣ
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3.3 ม਺ม׵ 14 Λͨ͠ͱ͖ͷ Ψ ͷ֨نԽ܎਺ʹ

͍ͭͯ

਺͸܎Խ֨ن

1

SD

∫

SD

dΩD |Ψ(ΩD)|2

=

∫

SD

dΩD
1

p0

(
p2 + p20
2p0

)D+1

|ψ̃(p)|2

=

∫

RD

dp
p2 + p20
2p20

|ψ̃(p)|2

͕੒ཱ͍ͯ͠Δ͕ɺٯϑʔϦΤม׵ʹΑΓɺ
∫

RD

dp p2 |ψ̃(p)|2

=

∫

RD

dx

∫

RD

dx′ (−!2∇2
x

)
ψ∗(x′)ψ(x)δ(x− x′)

=

∫

RD

dx ψ∗(x)
(
−!2∇2

x

)
ψ(x)

= ⟨p̂⟩ = 2m⟨K⟩ (59)

ʢࠓճఆٛͨ͠ϑʔϦΤม׵͸֨نԽ৚݅
∫
RD dp |ψ̃(p)|2 = 1

ΛอͭͷͰ͜ͷ݁Ռ͸౰ͨΓલͱ΋͑ݴΔ͕ɺʣͱͳΔɻͨͩ

͠ɺ⟨K⟩ ͸ӡಈΤωϧΪʔͷظ଴஋Ͱ͋ΔɻϏϦΞϧఆཧʹ
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ΑΓɺr−1 ͷϙςϯγϟϧԼͷӡಈͰ͸ɺ

⟨K⟩ = −⟨V ⟩
2

(60)

͕੒ཱ͢Δɻʢ⟨V ⟩͸ϙςϯγϟϧΤωϧΪʔͷظ଴஋ʣ͜Ε
ͱɺE = ⟨K⟩+ ⟨V ⟩Λ߹ΘͤΔͱɺ

E = −⟨K⟩ (61)

ͱͳΓɺ
∫

RD

dp p2 |ψ̃(p)|2 = −2meE = p20 (62)

ͱͳΔͷͰɺ

1

SD

∫

SD

dΩD |Ψ(ΩD)|2 = 1 (63)

ͱͳΔɻ
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